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1 INTRODUCTION 

In situ seismic measurements based on surface wave propagation 
have been used in geotechnical engineering for the past 50 years. 
Early versions of surface wave tests utilized steady-state sources, 
simple methods of calculating surface wave velocity, and em-
pirical inversion algorithms to estimate the shear wave velocity 
profile. In the 1970s, the advent of portable dynamic signal ana-
lyzers capable of performing Fourier analysis enabled the use of 
transient sources that reduced testing times considerably. Con-
currently, the increasing availability of computers made the use 
of theoretically based inversion algorithms routinely possible. 
The result of these advances was the Spectral-Analysis-of-
Surface-Waves (SASW) method (Stokoe et al. 1994). 

Recently, several new developments have expanded the capa-
bilities of surface wave methods for site characterization. These 
developments include:  
1. the use of spatial array processing techniques for measuring 

Rayleigh phase wave velocity; 
2. the use of low-frequency Rayleigh waves from passive 

sources such as microtremors and/or cultural activities to 
complement active-source tests; 

3. a simple, closed-form method for calculating the effective 
phase velocity of multi-mode Rayleigh waves; 

4. the use of smoothing constraints to improve the robustness of 
inversions; 

5. a method to determine the shear damping ratio profile from 
observations of Rayleigh wave spatial attenuation; and 

6. simultaneous measurement and inversion of Rayleigh wave 
phase velocity and attenuation using a viscoelastic constitu-
tive model of small-strain soil behavior. 
In this paper we review these developments to summarize the 

state-of-the-art in engineering surface wave test methods. Al-
though there have been many innovative new applications of sur-
face wave methods, our scope is limited to developments related 
to test procedures and interpretation. 

2 SPATIAL ARRAY PROCESSING TECHNIQUES 

2.1 Frequency-wavenumber methods 

Several investigators have employed frequency-wavenumber 
(f-k) methods to yield robust estimates of surface wave disper-
sion curves (Gabriels et al. 1987, Tokimatsu 1995, Zywicki  
1999, Park et al. 1999, Foti 2000, Liu et al. 2000). These meth-
ods typically utilize multiple receivers arranged in a one-
dimensional (i.e., linear) array for active measurements or a two-
dimensional array for passive measurements. The f-k spectrum is 
estimated via a process called beamforming. Let ym(t) be the time 
history observed at the mth receiver (m = 1,…,M), which is lo-
cated at position xm = (xm,ym). Y(ω) = col[Y1(ω),…,YM(ω)] de-
notes the column vector containing the Fourier Transforms of the 
signals observed at each receiver. If desired, the signals may be 
weighted via a diagonal matrix W(ω) = diag[w1(ω),…,wM(ω)]. 
Also define a steering vector: 

( ) ( ) ( )[ ]M1 i,,i xkxkke ⋅−⋅−= expexpcol �  (1) 

where k = (kx,ky) is the vector wavenumber. The steered re-
sponse power (Johnson & Dudgeon 1993) is given by: 

( ) eWRWeeWWYYek HHHHH,P ==ω  (2) 

where H denotes the Hermitian transpose of the vector and R is 
the spatio-spectral correlation matrix: 
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ĜĜĜ
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Each term in the spatio-spectral matrix is the cross-power spec-
trum between two receivers. 
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At a given frequency ω, peaks in the steered power response 
correspond to Rayleigh wave modes propagating across the array 
of receivers. The phase velocity of these surface waves is given 
by: 

k
ω=RV  (4) 

Equation 2 is the basis of a variety of f-k methods including 
the conventional frequency-domain beamformer and several 
adaptive approaches such as the minimum variance method (Ca-
pon 1969) and signal-noise subspace methods. 

Figure 1 compares the dispersion curve calculated using the f-
k method with the composite dispersion curve from the conven-
tional, two-station method used in SASW testing. The f-k disper-
sion curve was determined using an active harmonic source and 
a linear array of M = 15 receivers. Note that the f-k dispersion 
curve is more regular and, thus, corresponds more closely with 
the expected behavior of Rayleigh waves in vertically heteroge-
neous media. In practical terms, f-k dispersion curves are more 
easily inverted to obtain the shear wave velocity profile (Hebeler 
2000). 

Figure 1. Comparison of f-k dispersion curve with composite dispersion 
curve from the two-station method. 

2.2 Combined active-passive measurements 

Using multi-receiver f-k methods, it is possible to combine active 
and passive surface wave measurements to yield a dispersion 
curve that spans a broader range of frequencies. Active meas-
urements are performed using a linear array with the source (i.e., 
an electro-mechanical shaker) positioned at one end of the array. 
The frequency range for active measurements is approximately 4 
to 100 Hz depending on the characteristics of the source and site 
conditions. Passive measurements utilize the ambient wavefield 
generated by microtremors and/or cultural activities. A two-
dimensional array is used since the location of the source(s) is 
often unknown. It is assumed that vertical particle motions 
measured at the receivers are due to plane Rayleigh waves 
propagating across the receiver array. Since the frequencies of 
the passive Rayleigh waves are typically lower than the active 
waves, the addition of the passive measurements allows profiling 
to much greater depths. Figure 2 shows the combined dispersion 
curve; adding the passive dispersion measurements increased the 
maximum resolvable wavelength from approximately 60 m to 
250 m and enabled a much deeper shear wave velocity profile to 
be obtained at this site (Hebeler 2000). 

Figure 2. Combined active-passive dispersion curve. 

3 MULTI-MODE EFFECTIVE PHASE VELOCITY 

A common practice in engineering surface wave testing is to use 
a theoretical dispersion curve including only the fundamental 
mode of propagation in the inversion process. This method of 
analysis is often called a 2-D analysis of surface waves (Roësset 
et al., 1991). Since the experimental dispersion curve contains, in 
general, the contribution of several modes of propagation, this 
approach is inconsistent. The results provided by a 2-D analysis 
are generally satisfactory for normally dispersive (i.e. regular) 
shear wave velocity profiles. However, for inversely dispersive 
(i.e., irregular) profiles the contribution of higher propagation 
modes may be important and usually cannot be neglected (Gu-
cunski & Woods 1992, Tokimatsu 1995). 

A 3-D surface wave analysis (Roësset et al. 1991, Ganji et al. 
1998) accounts for multi-mode wave propagation and overcomes 
this limitation. It is based on reproducing the actual surface wave 
test by means of a numerical simulation. Hence the theoretical 
phase velocities are computed from phase differences between 
theoretical displacements calculated at the same receiver loca-
tions used in the experiment. The 3-D method is exact, but it re-
quires the solution of a boundary value problem of 3-D elastody-
namics. This can be computationally expensive, particularly if 
one wants to include the contributions of the body wave field. 
Another drawback of a 3-D analysis is that the partial derivatives 
required for solving the non-linear inverse problem are computed 
numerically. Computation of numerical partial derivatives is a 
notoriously ill-conditioned problem and is also computationally 
expensive. 

Lai & Rix (1999) developed a new approach to multi-mode 
surface wave propagation that combines the simplicity of a 2-D 
analysis with the robustness of a 3-D analysis. From the property 
that the equation of a wave front represents the locus of points 
having constant phase, they derived an explicit, analytical ex-
pression for the effective Rayleigh phase velocity. The effective 
Rayleigh phase velocity may be entirely determined from the so-
lution of the homogeneous Rayleigh eigenproblem, and, thus, 
requires no additional effort compared to a 2-D analysis. At the 
same time, use of the effective Rayleigh phase velocity achieves 
many of the advantages of a 3-D analysis because it includes 
contributions from multiple surface wave modes. Moreover, par-
tial derivatives of the effective Rayleigh phase velocity with re-
spect to the shear wave velocity of the medium are efficiently 
and accurately calculated using closed-form analytical expres-
sions. These partial derivatives are used for inversions based on 
the effective Rayleigh phase velocity. 

Figure 3 compares the modal and effective Rayleigh phase 
velocity curves for an inversely dispersive profile (Tokimatsu et 
al. 1992, Case 2). At frequencies less than about 30 Hz the effec-
tive velocity closely matches the fundamental mode, but at 
higher frequencies the effective phase velocity reflects the con-
tribution of higher modes. 
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Figure 3. Comparison of modal and effective Rayleigh phase velocities. 

4 INVERSION 

Rayleigh inverse problems, like many other non-linear inverse 
problems, are ill-posed which implies that a given experimental 
dispersion curve may correspond to more than one shear wave 
velocity profile. From a mathematical point of view, non-
uniqueness in the solution of an inverse problem is either caused 
by a lack of information to constrain its solution or, alternatively, 
because the available information content is not independent (Lai 
1998). In light of this, adding information is often a good strat-
egy to enforce uniqueness in the solution of an inverse problem. 
One common strategy is to constrain the solution to have certain 
global features such as smoothness and regularity. An example 
of such a strategy is the constrained, non-linear least squares al-
gorithm proposed by Constable et al. (1987). The algorithm 
seeks to find the smoothest profile (in the sense of the first Fré-
chet derivative) of shear wave velocities subject to the constraint 
of a specified misfit between the experimental and theoretical 
dispersion curves. Their approach is motivated by the observa-
tion that inversions performed with classic least squares tech-
niques often lead to physically unreasonable profiles of model 
parameters. The algorithm requires a definition of smoothness or 
its converse roughness of a candidate solution (in our case the Vs 
profile). In a layered soil profile, roughness may be defined by 
the following expression: 

( ) ( )s
H

s VVR ∂∂=1  (5) 

where VS is an nl x 1 vector of shear wave velocities of the layers 
(nl is the number of layers) and ∂∂∂∂ is an nl x nl matrix defining the 
two-point-central finite difference operator (Constable et al., 
1987). 

The error misfit ε 2 between the measured and the predicted 
Rayleigh phase velocities may be written as follows: 
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where VR exp is an nf x 1 vector of experimental Rayleigh phase 
velocities (nf is the number of frequencies), VR theo is an nf x 1 
vector of theoretical modal or effective Rayleigh phase velocities 
and W is a diagonal nl x nl matrix: 

{ }nl21 1,.....,1,1 σσσdiag=W  (7) 

containing the uncertainties associated with the experimental 
data. The solution of the non-linear Rayleigh inverse problem 
consists of finding a vector Vs that minimizes R1 with the con-
straint that the residual error ε 2 be equal to a specified value 
ε 2(*) that is acceptable in light of the uncertainties. The method 
of Lagrange multipliers is employed to solve this constrained op-
timization problem resulting in: 
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where µ is the Lagrange multiplier, which may be interpreted as 
a smoothing parameter, and VR0 are the modal or effective 
Rayleigh phase velocities obtained from the solution of the 
Rayleigh forward problem with Vs=Vs0. The term JVso is the 
nf x nl Jacobian matrix whose elements are the partial derivatives 
of the modal or effective Rayleigh phase velocities with respect 
to the shear wave velocities of the layers. These partial deriva-
tives may be computed with closed-form, analytical expressions 
by using the variational principle of Rayleigh waves, thereby 
making the calculation of the Jacobian JVso much more efficient 
and accurate (Lai 1998). 

Equation 8 is used iteratively to refine the estimated shear 
wave velocity profile Vs0 until convergence. The smoothing pa-
rameter µ must be chosen so that the specified residual error 
ε 2(*) is obtained. Figure 4 compares the theoretical dispersion 
curve corresponding to the final shear wave velocity profile with 
the active-passive experimental dispersion data presented previ-
ously. The excellent match is indicative of a successful inver-
sion. 

Figure 4. Comparison of experimental and theoretical dispersion curves 

5 ATTENUATION AND DAMPING MEASUREMENTS 

Surface wave methods may also be used to determine the mate-
rial damping ratio of soils in situ by measuring the spatial at-
tenuation of Rayleigh wave amplitudes (Jongmans & Demanet 
1993, Rix et al. 2000). The first step in such an analysis is to de-
termine an experimental attenuation curve showing the variation 
of the Rayleigh attenuation coefficient αR with frequency. The 
Rayleigh attenuation curve is usually calculated using the ampli-
tude of the particle motion recorded at various offsets from a 
transient or preferably harmonic source. The receivers must have 
identical frequency response characteristics. The accuracy of the 
measured attenuation coefficients is improved by properly ac-
counting for the geometric attenuation of multi-mode Rayleigh 
waves. 

Once the frequency-dependent attenuation coefficients are de-
termined, the shear damping ratio profile is calculated by means 
of a constrained linear inversion analysis using the following ex-
pression: 
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where Vpj and Dsj are respectively the compression phase veloc-
ity and the shear damping ratio of layer j, and K is the ratio of the 
compression to the shear damping ratio. Rix et al. (2000) dem-
onstrated that the results of surface wave damping measurements 
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agreed well with independent laboratory and in situ test results at 
the Treasure Island National Geotechnical Experimentation Site. 

6 SIMULTANEOUS MEASUREMENT AND INVERSION 
OF DISPERSION AND ATTENUATION CURVES 

Until recently, the two problems of determining the shear wave 
velocity and shear damping ratio profiles at a site have been con-
sidered separately and therefore have been uncoupled. Rix & Lai 
(1998) developed a method to simultaneously invert the experi-
mental Rayleigh dispersion and attenuation curves to obtain the 
shear wave velocity and shear damping ratio profiles at a site. 
The new approach is motivated by the recognition that, in dissi-
pative media, Rayleigh phase velocity and attenuation are not in-
dependent as a result of material dispersion. Therefore, a coupled 
analysis of dispersion and attenuation is a more robust, funda-
mentally correct approach. 

A simple constitutive model that accounts for the most impor-
tant dissipation processes occurring at small deformations in 
soils is linear viscoelasticity. An attractive feature of this theory 
is the elastic-viscoelastic correspondence principle that allows 
the solution of an elastic boundary value problem to be easily 
converted into the solution of the viscoelastic boundary value 
problem by using complex-valued seismic wave velocities: 
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where κ = S,P,R denotes the shear, compression, and Rayleigh 
wave phase velocities, respectively. In the viscoelastic case the 
Rayleigh dispersion equation is complex-valued, and therefore a 
different technique is needed to find its complex-valued roots. 
Rix & Lai (1998) employed an algorithm that is based on 
Cauchy’s residue theorem from complex analysis. 

Simultaneous inversion of surface wave velocity and attenua-
tion data is superior to the traditional uncoupled analysis in the 
sense that it considers the effect produced by material dispersion 
and, secondly, improves the well posedness of the inverse prob-
lem. When combined with a procedure to simultaneously meas-
ure the dispersion and attenuation curves (Rix et al., 2001), the 
coupled approach forms a robust, consistent approach for meas-
uring both shear wave velocity and shear damping ratio profiles. 

7 CONCLUSIONS 

Surface wave methods continue to evolve and become more ca-
pable. Initial efforts to use surface waves relied on simple test 
procedures and interpretive methods. The SASW method was an 
important advance in engineering surface wave methods because 
of the use of real-time Fourier analysis and theoretically based 
inversion algorithms. In recent years, surface wave methods have 
continued to develop through the use of powerful and robust sig-
nal processing, wave propagation and inversion techniques. As a 
result of these developments, geotechnical engineers have a 
powerful, flexible technique for site characterization. 
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